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1. Introduction and Summary 

In 2009 Petr Hofava formulated new proposal of quantum theory of gravity (now known 
as Hof ava-Lifshitz gravity (HL gravity) that is power counting renormalizable |j|, ^, |3| that 
is also expected that it reduces do General Relativity in the infrared (IR) limit ^. The 
HL gravity is based on an idea that the Lorentz symmetry is restored in IR limit of given 
theory while it is absent in its high energy regime. For that reason Hofava considered 
systems whose scaling at short distances exhibits a strong anisotropy between space and 
time, 

x' = /x , t' = IH . (LI) 

In [D + 1) dimensional space-time in order to have power counting renormalizable theory 
requires that z > D. It turns out however that the symmetry group of given theory 
is reduced from the full diffeomorphism invariance of General Relativity to the foliation 
preserving diffeomorphism 

x'^=x^ + 0(t,x) , t' = t + f{t). (L2) 

The HL gravity was then generalized to the case of F{R) HL gravities in series of papers 



1 14, 15 1 ^. F{R) HL gravity can be considered as natural generalization of covariant F{R) 
gravity. Current interest to F{R) gravity is caused by several important reasons. First of 
all, it is known that such theory may give the unified description of the early-time inflation 
and late-time acceleration (for a review, see |0, |l2|.) Moreover, the whole sequence of the 
universe evolution epochs: Inflation, radiation/matter dominance and dark energy may be 
obtained within such theory. The remaining freedom in the choice of F{R) function could 
be used for fitting the theory with observational data. Second, it is known that higher 
derivatives gravity (like i?^-gravity, for a review, see [^]) has better ultraviolet behavior 
than conventional General Relativity. Third, modified gravity is pretending also to be the 
gravitational alternative for Dark Matter. Fourth, it is expected that consistent quantum 



^For review and extensive list of references, see 



^For further study in given direction, see flT^, hS, 13, bo|, and for review, see ||lq| 



J. 



gravity emerging from string/M-theory should be different from General Relativity. Hence, 
it should be modified by fundamental theory. Of course, all these reasons remain to be the 
same also for the HL gravity. 

It is well known that the F{R) gravity is equivalent to the scalar tensor theory of 
gravity '^. The scalar tensor theory of gravity has relatively simple form corresponding 
to the General Relativity action coupled with the scalar field with specified form of the 
potential term. In particular, the presence of the additional scalar mode in F{R) theory of 
gravity is clearly seen in the scalar tensor description of the F{R) theory of gravity. Further, 
the properties of this scalar mode can be transparently studied in this formulation as well. 
On the other hand it turns out that it is sometimes useful to use the original form of F{R) 
theories of gravity, as for example for the analysis of the cosmological solutions. 

Successes of the equivalence between F(R) gravity and scalar tensor theory of gravity 
naturally implies the question whether there exists similar equivalence between F{R) HL 
gravity and scalar tensor version of the HL gravity. Examples of the scalar tensor HL 
gravities were introduced in |21, 22, 23, 24, E3] where the authors analyzed the cosmological 



consequences of HL gravities ^. The goal of this note is to understand the relation between 
these scalar tensor HL gravities and F{R) gravities. Our procedure is similar as in case 
of F{R) theories of gravity. We start with the F{R) HL gravity action and introduce 
two auxiliary scalar fields in order to rewrite it into Jordan-like form. Then we use the 
anisotropic conformal transformation of the metric components in order to map this form 
of the action to the action where the kinetic term has the canonical form. By canonical 
form of the kinetic term we mean that it has the same form as the kinetic term in HL 



gravity that is formulated in ADM formalism [28|, for review, see p9| , pO|] . Now due to 
the fact that F{R) gravity is not fully difi^eomorphism invariant we find that the resulting 
theory takes more general form of the scalar tensor theory. We also show that this theory 
fiows to the relativistic scalar tensor theory of gravity in the low energy limit. 

We hope that our result can be useful for further analysis of the properties of F{R) 
HL gravities. For example, the scalar tensor form of F{R) theory can be useful for the 
analysis of the fluctuations around cosmological solutions of F{R) HL gravities. We hope 
to return to these problems in future. 

This paper is organized as follows. In the next section (Q) we introduce F{R) HL 
theories of gravity and map them to generalized scalar tensor theories of gravity. We also 
demonstrate that these theories flow to standard scalar tensor theories of gravity in its 
low energy region. In Appendix (^ we review the standard equivalence between F{R) 
theory of gravity and scalar tensor theory of gravity. We perform this analysis in the ADM 
formalism in order to compare this result with the analysis performed in the main body of 
the paper. 

2. F{R) HL Gravity in Einstein Frame 

We begin this section with the review of basic properties of F{R) HL gravity. Our con- 



For review and extensive list of references, see llll, ]l2, [1^, hq| . 
For further study, see |3l|, p3, p3|. 



vention is as follows. We consider D + 1 dimensional manifold M with the coordinates 
x^ , 12 = 0, . . . ,D and where x^ = (t, x) , x = (x^, . . . , x^). We presume that this space- 
time is endowed with the metric gf_iv{xP) with signature (— , +,...,+). Suppose that M. can 
be foliated by a family of space-like surfaces St defined by t = x^ . Let gij,i,j = 1, . . . ,D 
denotes the metric on Sj with inverse g^^ so that gijg^^ = 6^. We further introduce 
the operator Vj that is covariant derivative defined with the metric gij. We introduce 
the future-pointing unit normal vector n^ to the surface Sj. In ADM variables one has 
n^ = ^J —g^^, n^ = —g'^^/\/—g^^- We also define the lapse function N = l/\/— 5°° and the 
shift function A^* = —(p^/if^. In terms of these variables we write the components of the 
metric g^y as 

500 = -iV^ + Nig'^Nj , cjQi = Ni , gij = gtj , 

^ iV2 ' ^ iV2 ' ^ ^ iV2 ■ 

(2.1) 
We further define the extrinsic derivative 

K^j = ^{dtgij - ViNj - VjN,) . (2.2) 

The general formulation of Hofava-Lifshitz F{R) gravity was presented in series of papers 
in fl^ , p^ ] ^. The action introduced in jl^ takes the form 

Sf(r) =C^ J dtd^^^NF{R) , (2.3) 

where 



R = K.jG'^'^'Km + -^d, [y^nf^K) - -^d, {^gg'^d.N) - V{g) , (2.4) 

where ^ is constant, K = Kijg^^ and where the generalized de Witt metric Q^^'^'' is defined 
as 

G'''' = ^ig'^g'' + g'^g'") - >^g''g'' , (2.5) 

where A is real constant that is believed that it flows to 1 in its low energy limit. More 
precisely we presume that F{R) gravity is recovered in the limit A — )• 1,/i — )• 1 and C^ — )• 
(IGvrG)^. Finally V{g) depends on gij and its covariant derivatives whose explicit form 
was suggested in pn] . Our goal is to map the action ( p. 3D to the scalar tensor form of HL 
gravity. The first step is to rewrite the action (p.3[) into an equivalent form 



SpiR) = <" j dtd'^i^ (^^NBiK^.g^^'^Kki - Vig) - A)+ 
+^NF{A) - 2^^NVnBK + 2^diB^g'^ d,N) , 



(2.6) 



'For further study in given direction, see WA EOl], and for review, see llq] 



where 

\/nX = ^(dtX - N'diX) . (2.7) 



Then from ( p.6D we find the equation of motion for A 

-B + F'{A) = . (2.8) 

Assuming an existence of the inverse function ^ defined as ^{F'){A) = ^ we would be 
able to determine j4 as a function of B 

A = '^{B). (2.9) 

Inserting this result into the action ( ^.6D we obtain 

SpiR) = C^j dtd^'x (^^NB{K,,g'^^'Kki - V{g)) - ^NV{B)- 

-2^^NVr,BK + 2^idiB^g'^d,N) , 

(2.10) 

where 

V{B) = B'^{B)-F{^{B)) . (2.11) 

Let us now consider following anisotropic Weyl transformation 

N' = n'^N , Nl = n^Ni , g,j = n^g,, , (2.12) 

where cv is free parameter whose value will be specified below. It is easy to see that the 
spatial connection 

r?, = la^'idigij + djgii - digij) (2.13) 



transforms under ( |2.12| ) as 



1 



■tj tj ' Q 



and the extrinsic curvature transforms as 



n? = r^, + T^i^'dj^ + sp^^ - a^'ding. 



I]) 



(2.14) 



K[^ = f]2— K,^. + J7i-'^V„f]5ii ■ 



(2.15) 



In the same way we find 



1 , K Vr,0 

^nB = T^^nB , K' = -- + D-^ 



(2.16) 



Then it is easy to see that the kinetic part of the action ( 2.10 ) transforms as 



C^ f dtd^x^Nn^+'^B 



rj2' 



^ Kijg'^'''Kkl + -rr^{l-XD)KVnn+ 



n^ 



+ ^^n^Vnm - mD - 2^,^VnBK - 2t,-^DV ^BV n^+ 
+ -^.diBg'^djn + -^d.Bg'^djN 



Bn^N 



Bn'^N 



(2.17) 



Our goal is to choose Q in such a way so that the kinetic term takes the canonical form as 
in the scalar tensor HL gravity. The requirement implies following relation between 0, and 
B 

n = B^ 

With such a form of Q the expression (2.17) simplifies as 



(2.18) 



C^ / dtd^x^N 



K^.G'^'^'Kki + 



B{uj-D) 



[I - \D)KVnB+ 



D 



{l-XD)D ^ 2/x 

+ {u^-DfB^^-^^-^ - 5 ^"^^ - ^^ (c - D)B^ 



VnBVnB + 



2lOU 2D-2 . . 2/i D+ui-2 

{lo- D)N ' ^ ^ ^ N t iJ 3 



(2.19) 



Note that this expression is not well defined for lo = z = D where z is the scaling dimension 
||T[. This follows from the fact that the kinetic term of the HL gravity is invariant under 
anisotropic scaling transformation when oo = D. 

Now we come to the analysis of the potential term. We consider the SVW potential 



term 



V{g) = giR + ^{g2R^ + g■iR^JR'^) + 

+ ^^{qaR" + g^RRijR'' + geRiKR^) + 
+ ^[gjRV^R + gs{yiRjk){y'R'^)] + ■■■ , 



(2.20) 



where the coupling constants g^, (s = 0, 1, 2, . . .) are dimensionless and . . . corresponds to 
the higher order terms corresponding to the fact that the critical dimension of D— dimensional 
HL gravity is z = D. The relativistic limit in the IR requires gi = —1 and (^^ = (IGTrG)^^. 



'For simplicity we consider the potential term without cosmological constant contribution. 



We note that under transformations ( ^.12 ) the components of D— dimensional Ricci tensor 
transforms as 

i?^ = Rij + 2{D - 2)^{ViQ){Vjn) -{D- 2)^ViVjVi + 



+ (3 - D)gij -2 Qij- 



02 



^ 



while D— dimensional scalar curvature transforms as 



R' = n-^R- 2{D - l)5*iXl^ + {D- 1)(4 - D) 



v^QV'n 



02 



(2.21) 



(2.22) 



To proceed further it is useful to separate the contribution proportional to R in ( p. 20 ) so 
that we rewrite the potential ( 2.20| ) in the form 



V{g)=giR + V{g) . (2.23) 

Then the contribution proportional to R given in ( 2.23| ) transforms under (|2.12| ) as 



-C 51 / dtd'^x^NBR^ -Cgi / dtd^ xN ^ [B^^ R+ 

2(0 - %--^^,,,g^B + M^Il%^BS?aB,«c<,B 



+ 



Lo-D N 



{u - Df 



(w - DY 



B^^^^V^BV'B 



(2.24) 



ui+D 



Using this result together with ( 2.17 ) and also with yfgNV — )• JgNB-'-oV{B) we find 
following form of the transformed action 



C^ f dtd^x^N 



K^jg^^^^Kki + 



-^^J-—^{{1 - ^co) + Dil - X))KVnB - '^VnBK+ 



+ 



D 



r(l - 2/ia; + D{2fi - X))VnBVnB + 



uj-DYB"^ 
2D-2 2u}fi{u} -D)-gi{D- l)(4a; - 2 - D) 



+ B '^-2 



+ 



{uj - DY 
2^{oj - D) - 2gi{D - I 



diBg'^djB + 



2ui-2) 



(cj - D)N 



diBg'^djN - giB^^R{g) - V'{g,B) - B^^V{B) 



(2.25) 



where V" depends explicitly on B through the relations ( ^.18 ),( 2.2l| ) and ( ^.22 ). It is im- 
portant to stress that w is free parameter whose value should be determined by requirement 
that in the low energy limit when we can neglect the contribution from the potential V and 



when // — 7- 1 , A — 7- 1, (7i — )• —1 the action (2.25) flows to relativistic form of scalar tensor 



theory "^ . This requirement immediately imphes that oj should be equal to 1. Then the 



final form of the generalized scalar tensor HL gravity action (2.25) takes the form 

2 



Ss.t. = C 
+ 
+ 



jD, 



D 



^^^^'-'^'^BH-D) 



{{l-l^) + D{l-\))KVnB+ 



2^{1 - D) - 2gi{D - 1 

{1-D)N 



1 - 2/i + D{2fi - X))VnBVnB + 
diBg'^djB + 



(1-D)252 

2f,{l - D) - giiD - l)i2 - D) 



ABg'^d.N - giR{g) - V{g, B) - B—V{B) 



(2.26) 



where the potential V'{g,B) depends on B and gij as follows from the fact that it arises 
from the original potential V through the anisotropic conformal transformation. Explicitly, 
the transformation (2.12|) implies following transformation rule for the spatial Ricci tensor 



R'. 



2{D-2) 1 {D-2) l^^ 

^y + (I- D)^ ^^ '^^ ' ~ ~ ——^i^i^ + 



, {3-D) VkBV^B 
+ T^mj- 



1 



{l-D) 



B^ 



l-D 



9ij- 



1- D B " ^ 



V.V'^S 



B 



(2.27) 



It is also important to stress that the covariant derivative depends on B as well. As a result 
the potential term V' will give the contributions proportional to the higher order spatial 
derivatives (up to order z) of the field B which is the consequence of the anisotropic scaling 
in F{R) HL gravity. Note also that is convenient to formulate given theory in the canonical 
form when we introduce the scalar field (p that is related to B through the relation 



B 



,S<i4 



1 V^(l-2^ + D(2//- A)) 



V2 



(D-l) 



(2.28) 



The action ( 2.26| ) is the final result of our analysis. It is useful to compare this action 
(when we replace B with cp given by ( 2.28| )) with the form of the scalar tensor HL gravity 
1211, E2|, 



23, PI 



S = C^ I dtd''x^N[Ki,g'^'''Kki - V{g) + Cscai] , 



where the Lagrangian density for the scalar field has the form 



C = -V„(/.V„(^ - Gig'^dicpdjcj)) - V{cl)) 



(2.29) 



(2.30) 



where V{(f)) is the general potential for the scalar field and where G is the polynomial 
in its argument up to the z— th order. We see that the structure of the action ( p. 26 ) is 



""The explicit form of the scalar tensor theory written in ADM formalism is given in Appendix. 



more complicated but it can be again written as the polynomial in g^^di(j)dj(j) where now 
the coefficients generally depend on gij and Rij. Finally, the action ( p.26| ) contains the 
coupling between extrinsic curvature and the scalar field (p. Note however that the low 
energy limit of ( |2.26| ) where A,^— t-I ,gi^—l ,V'— )-0 takes the form 



(levrG) 



dtd^x^N 



K,,K^^ -K'- ^__^V„i?V„i?+ 



+ j^^^^^d^Bg^^djB + Rig) - B^ViB) 



(2.31) 



In Appendix we review the equivalence between F{R) gravity and the scalar tensor theory 
written in ADM formalism and we show that the action (2.31) exactly coincides with the 
scalar tensor gravity action. 

Let us conclude our result. We show that the action for the scalar tensor formulation of 
F(R) HL gravity is much more complicated than in case of the F{R) gravity. In other words 
there is no straightforward correspondence between F{R) and scalar tensor HL gravities 
written in their simplest form. For that reason we mean that it is more natural to study 
F{R) HL gravities directly without reference to their scalar tensor images. 
Acknowledgements: This work was also supported by the Czech Ministry of Education 
under Contract No. MSM 0021622409. 

A. Appendix: Equivalence between F(R) Gravity and Scalar Tensor The- 
ory written in ADM Formalism 

In this Appendix we review the well known equivalence between D + 1 dimensional F{R) 
theory of gravity and corresponding scalar tensor theory *. We perform this analysis when 
the F{R) action is formulated in ADM formalism in order to see the relation with the 
result derived in the main body of the paper. For that reason we consider following form 
of F{R) gravity action 

SpiR) = (Y^^ / dtd""^ [^NB{K,,Q'^^'Kki - R)- 

- ^NV{B) - 2^NVnBK + 2diB^g'^d,N] , 

(A.l) 

where we implicitly integrated out the scalar field A so that the potential V{B) takes the 
same form as in ( p. 11 ). As usual in order to find Einstein frame form of the action ( [A.l ) 



we perform the conformal rescaling of metric components 



that in D + 1 decomposition takes the form 

■>2 Ar „ r>2 



g' = n^g^, (A.2) 



N' = nN , Nl = n^Ni , gi, = n^gij (A.3) 



®For nice discussion, see [|26L 2 



which is the special case of the transformation ( 2.12| ) for to = 1. Following the same analysis 

1 
as in previous section and choosing Q = B i-^ we easily find that the kinetic term of the 

F{R) gravity action (A.l) transforms as 



(167r 
1 



3-— / dtd^x^N [KijK'^ -K^- 2KV„B 



(levrG) 



KijK'^ - K' 



D 1 



1- DB- 



;VnBVnB 



(A.4) 



while the potential term transforms as 
1 



(levrG) 

1 
(167rG)2 



2 , dtd^^[-^NR + 2diB^g'^djN - ^NV{B)] 



dtd^x 



1+-D 



-V9NR{g) + -^VaN^ViBV'B - ^NBf^V{B) 



(A.5) 



Collecting ( [A.4| ) and (A.5) together we obtain following form of the scalar tensor theory of 
gravity action 



(levrG) 
D 



^ / dtd'^^^N [KijK'^ -K^- R{g)- 



il-D)B^ 



VnBVnB + -R-l^ViBV'B - B^V{B) 



(A.6) 



In order to find more familiar form of the action (lA.q ) it is convenient to perform the 
substitution 



B = exp ■ 



1 D-l 



(A.7) 



^/2V D 

Note that ( |2.28| ) reduces to ( A.7 ) in the limit when /U — >• 1 , A — )■ 1. Using ( [A.7] ) we can 
rewrite the action (A.6) into the covariant form ||2^, p7| 



(16^G)2 



diD+l) 



x\J -g 



R{g) + -g^''d,4>d,<l)-V\<P) 



where 



V' {(j)) = exp 



l + D 
V2^/{D-1)D 



<P ^(0) • 



(A.8) 
(A.9) 
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